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Local periodic motions of a reversible system in the neighbourhood of the zero equilibrium position are investigated. In the
non-degenerate case, to every pair of pure imaginary roots +}, there corresponds a symmetric Lyapunov family L;, provided
there is no resonance A; + pA; = 0 (p € N). The scenario of the disappearance of the family L, as € — 0 (where ¢ is the resonance
detuning) is investigated. It is shown that resonant symmetric Lyapunov families LR, arise and constructive conditions are obtained
for the existence of LR, for both € = 0 and £ # 0. When p = 1 the existence of two cycles is observed; the cycles are mutually
symmetric about the fixed set of the reversible system and each is distant O(\e) from the origin. For a reversible system written
in the form that is standard for oscillation theory, in “amplitude-angle” variables, a general theorem is established according to
which symmetric periodic motions exist in the structurally unstable case; the theorem is basic for investigating the families LR,.
© 2004 Elsevier Ltd. All rights reserved.

1. PRELIMINARY REMARKS

In [1] we developed Lyapunov’s idea of using a generating system containing a small parameter to study
structurally unstable cases in the theory of periodic motions. In particular, a general existence theorem
[1, Theorem 5] for periodic motions of a system of standard form was proved; necessary and sufficient
conditions were obtaineq, on the assumption that the system of amplitude equations has no multiple
roots. The theorem has been used to study cycles in various almost-resonance cases [2], in generic systems
and in Lyapunov systems. For reversible systems, the theorem needs a natural supplement, because in
that case, as a rule, the system of amplitude equations admits of a family of solutions. Some important
special cases of the proposition for reversible systems were considered in [1].

When investigating local periodic motions of an autonomous system (a Lyapunov system, a reversible
system, or a generic system) in the neighbourhood of an equilibrium position, it proves useful to adopt
a method in which rescaling the problem reduces to the problem of continuing the motion with respect
to a small parameter. One thus proves the existence of one-parameter families of periodic motions near
zero, in Lyapunov systems [3] and reversible systems [4, 5], and investigates cycles in Lyapunov systems
and generic systems [2]. In resonance systems [2, 4, 5] one has the structurally unstable case of the theory
of periodic motions of a system with a small parameter.

Under certain restrictions, a smooth autonomous reversible system

i=Av+U(u, v)

\4

Bu+V(u,v); une R, ve R'(Izn) (L1
U(w,-v) = -U(u,v), V(u,-v) = V(u,v); U(0,0) =0, V(©0,0) =0

(A and B are constant matrices, and U and V are non-linear terms) admits of Lyapunov families of
periodic motions in the neighbourhood of zero [5]. They are symmetric with respect to the fixed set
M = {u, v: v = 0} of the reversible system, form an (/ - n + 1)-family and exist if: (a) the characteristic
equation of the linear approximation has a pair of pure imaginary roots, (b) none of the other roots
equals ipw (p € N), ¢) rankB = n.

Do Lyapunov systems exist if one of these conditions is violated? Condition (a) cannot be dropped,
because a Lyapunov family is by definition close to oscillations of a linear system due to a pair of pure
imaginary roots. The case in which condition (b) fails to hold has been investigated for vector fields
[6]. It was assumed there that dimU = dimV, and multiple roots were considered on the assumption
that a Jordan cell exists. Finally, some cases with rankB = n — 1 have recently been considered [5],
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observing, in particular a “non-holonomic constraint” effect, namely, the dimension of the vector u exerts
an influence on the existence of Lyapunov families.

Below, considering reversible systems formulated in the standard “amplitude-angle” variables of
oscillation theory, we shall prove an existence theorem for symmetric periodic motions in the structurally
unstable case. We shall then study the disappearance of Lyapunov families in almost-resonance situations.
Finally, Lyapunov families will be investigated in the case of two-frequency resonances and for passage
through resonance.

In all cases, constructive, verifiabie conditions will be obtained for the existence of the desired families,
in terms of the coefficients of the normal form of the system.

The problem of the existence of Lyapunov periodic motions is investigated for / = n. The cases of
exact resonance and almost-resonance have both been analysed, and equations defining Lyapunov
families have been obtained. According to part of a theorem of [5], when / > » one can transform to
the neighbourhood of a selected point of the manifold of equilibrium and obtain a problem involving
motions in the neighbourhood of the “new” zero equilibrium position in an aimost-resonance situation.
Hence the problem of the evolution of resonant Lyapunov families on passing from one point of the
manifold to another, and when the resonance detuning parameter passes through zero, is solved in a
uniform manner.

In systems of general form, close to resonance systems, a cycle is produced as a rule at a distance
O(£°) from the equilibrium position, with & = 1 for 1:2 resonance and ¢ = 1/2 for 1:1 and 1:3 resonances
[2]. In Lyapunov systems and Hamiltonian systems, cycles are produced at each level of the energy
integral and they form a cycle of families (see [2] and [7, Chap. 8, Sec. 3.2]). Resonant Lyapunov families
(with € = 0) also exist in such systems [8-12].

In a reversible system, periodic motions exist both when € = 0 and when € # 0, forming resonant
Lyapunov families near the equilibrium. This general rule is violated at 1:1 resonance. Here, along with
a symmetric Lyapunov family, two cycles are produced, symmetric to one another relative to the fixed
set, each distant O(\e) from the equilibrium.

2. PERIODIC MOTIONS OF A REVERSIBLE SYSTEM WRITTEN IN
STANDARD FORM

To investigate a system with a small parameter, when the generating system admits of a family of periodic
motions, it is convenient to use standard notation for the system in “amplitude-angle” variables. In the
case of a reversible system, the “amplitudes” and “angles” split into two groups of “amplitudes” and
two groups of “angles”. Finally, we note that it is often convenient to use two small parameters [1],
while in the general case the rate of change of each “amplitude” is individual.

After these remarks, we express a reversible system as

g = ep"Ua(s, 0, v, )+ WU v, o=1 ..,

g = €T Va(e, W v, 1) + Pg(WUp(e, 1w, v, 1), B = 1,..,m

Uy,(w,v, )y +eU, (e, 0, v, 8) + DU, (e, g, u, v, 8), v=1+1,..,1

u.V
Uy = Vo (wv,)+eVy(eu, v, )+ UV, pmv, 1), A=n+1,...,n

Uie,u,-v,-t) = -Ugfe,u,v,1)
, 2.1)
U,j(s, Uu,-v,—t) = —UU(E, pou, v, t), j=1,...,1

Ve, u,-v,-1) = Vi(g,u,v,1)

Vi, hou-v,—t) = Vi (e, v, 1), k=1,...,n

Ugy(u, —v, =) = =Up,(0, v, 1), Vp(u,—-v,—t) = Vy(u, v, 1)
v=>04+1,..,L A=n+1l,..,n (I2n 1 2n)

Pwdpe Nyl p(0) =0, =1,...,0;, B =1,..., ny). The right-hand sides of the equations are assumed
to be 2n-periodic in £; €, p are small parameters.
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Suppose, when € = 0 and p = 0, the system

l.iz = Uo(A, uz, 0, V2, t), V’z = Vo(A, uz, 0, V2, t), A = const

A ny (22)
u=(u,u,), v=(v,v,); ,;eR, v,eR

admits of 2r-periodic motions u, = ¢(A, ), v, = U(A, f) which are symmetric with respect to the fixed
set {u,, v, : v, = 0}. Then the necessary and sufficient conditions for 2n-periodicity of a solution of the
reversible system (2.1) which is symmetric with respect to the fixed set M = {u, v:v = 0} are

vg(& 1, W, 0n) =0 B=1, s Y
. (2.3)
v(e, Lu,0,m) =0, A=n+l,..,n

(u® is the initial value of the variable u). In that case the first group of Eqs (2.3) is satisfied identically

in u’ ate = 0, u = 0. Therefore, in view of the fact that the rate of change of the variable Vg is proportional
to &6, we can write system (2.3) in the form

Ea(u’) + & (e, u°) +1ge Pfp(e, u’) = 0, B=1,..,m -
nl(uo) +15(8, uO) + 1,8 (8 U, uO) =0, A=n+1..,n
where the functions &;p(e, uo), nu(s, uo) vanish when £ = 0. Hence it follows that if one chooses g =

o(e?), u = o(e) as € — 0, then system (2.4) is solvable for sufficiently small € # 0, provided the system
of equations

Eeu’) =0, Mm@) =0, B=1..,n, A=n+1 ..n (2.5)
is solvable and its solutions are such that
0 0
rank“BE_,B/au , on,/du ” =n (2.6)

For any u} = A, the second group of Egs (2.5), admits of a solution u) = ¢(A, 0). Therefore the
problem of finding the roots of Eqs (2.5) leads to a solvable system

&B(A’ ‘P(A, 0)) = O> B = 15 sy n] (27)

The functions &g are determined by integrating a system of differential equations

&p = Vg(0, A, @(A, 1), 0, W(A, 1), 1), B=1..n

over the interval [0, nr]. Consequently, the roots of the equations are calculated from the system of
amplitude equations

Io(A) = [V4(0, A, (A, 1,0, W(A,1),0dt = 0, B =1..n (2.8)
0

To each root A* of these equations that satisfies the condition rank [|on,/dul|| = n - n, for u) = A*,
ul = @(A*, 0), there corresponds, for sufficiently small € # 0, a solution of system (2.4), provided that

rank[|9I(A*)/0A*| = n, (2.9)

This solution depends on / — n arbitrary parameters, of which /, — n; are chosen from the set {44, ...,
Ay}; the remaining k = [ — n — (I; — n;) determine, for every A, a k-family of symmetric 2n-periodic
solutions of system (2.2).

Thus, the existence of 2n-periodic motions in system (2.1) has been proved. These motions are
described by formulae
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I3
o = AL+ [U(0, A%, 0(A%, 1), 0, y(A%, 1), Ddt +0(e™), & = 1, ... [,
0

t
vy = €7 [Vg(0, A%, Q(A%, 1), 0, W(A*, 1), ndr+o(€®), B=1,..,n (2.10)
[

u, = A%, N +0(g), v, = yA* 1) +0()
and they form an (! ~ n)-family.

Theorem 1. To every root A* of the amplitude equation (2.8) there corresponds a unique (/ - n)-
tamily (2.10) of symmetric 2rn-periodic motions of system (2.1), provided that: (a) condition (2.9) holds,
(b) the variational equations for the solution u, = @(A, £), v, = Y(A, ¢) of system (2.2) have for A = A*
at most [ — n — (I — ny) roots of the characteristic equation equal to unity, (c) 1, = o(e™), g = o(e”),
k=o(e)ase—0.

Corollary. Cesari’s method [13, 14]. To every simple root A* of the amplitude equation

n

I(A) = jV(o, A,0,0)dt = 0
0

of a reversible system, 2n-periodic in ¢,
u=pU(,u,v,1), v=pV{,uv,t); uveR"
U, n,-v,—t) = -U(u,u, v, 2}, V(u,u,-v,—1) = V(i,u,v,1)

with a small parameter pu there corresponds a 2n-periodic solution, close to a constant and symmetric
with respect to the fixed set {u, v:v = 0}:

t t
u = A*+p[U0, A%, 0, )dr +o(p), v=p[V(0,A%0,1)dt = o(n)
0 0

Remark. In the case when system (2.1) is 2n-periodic in only part of the variables, the theorem establishes the
existence of 2n-periodic rotational solutions (see [1, 15]).

3. THE DISAPPEARANCE OF ONE OF THE TWO LYAPUNOV
FAMILIES AS THE SYSTEM APPROACHES A RESONANCE SYSTEM

In the case rankB = n, system (1.1) may be reduced by a non-singular linear transformation to the
following form [5]

& =Py+EEx,y), LeR™”

x = Jy+X(E, x,y) (3.1)
y = x+Y(¢&,x,y), x,yeR"
(P is a constant matrix, J is a real Jordan matrix with real eigenvalues 9»%, s 7»% — the squares of the

roots of the characteristic equation, and =, X, Y are non-linear terms). Let us assume that there are
two pairs of pure imaginary roots and consider a situation close to the case in which there is a single
two-frequency resonance

A +ph, = ixe, x =const, peN 32
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(¢ is the resonance detuning). The remaining roots satisfy condition (b) in system (1.1). Then, by a
theorem in [5], system (3.1) with € # 0 always admits of two Lyapunov families, but if e = 0, p > 1, only
the family corresponding to the root A; exists; the conditions for the existence of the second family fail
to hold. If p = 1 and & = 0, the conditions for the existence of both families indicated above for € = 0
do not hold.

Suppose € # 0. We separate out the variables corresponding to the roots +A; and *2, and, making
the replacement of variables (&, x, y) — (&, ux, py), introduce a small parameter 1. We obtain

& = uPy + nE*(p, &, x, y)

X o= My +uXEWE X Y), ¥y = x +pVE(, € x,y)

: 2 . x (3.3)
Xy = My, +uXy(1, 6, X, y), ¥y = x+uY5(1, &, x,y)

xs = JsYs+qu(u’ é’x’y)’ YS = X;"'HY;k(H,g,X,Y), § = 3,---7S*; S*Sn

(x, and y, are vectors with the dimensionality of the Jordan cell J; corresponding to the eigenvalue A2).
If u = 0, system (3.3) admits of a family of periodic solutions symmetric with respect to the fixed set

{&xy:y=0),
& = &° (£° = const)

Xy = 04850080t Vo = agsin®yt, Ay, =—(~1)"io,(w,>0), a,=const; o=1,2

X = 2 afopln), yp= Y a0 @gi(-1) = @), Wp(-1) = —yp(1)
j=3 j=3

k
aj,

a; = const, B.j=3,...,n
where, since, if € = 0, there is only one resonance, we have
det|yg,(n/@, )| 20 (3.4)

The necessary and sufficient conditions for the existence of a symmetric 27-periodic solution of system
(3.3) may be written in the form

a,sin®, T +puyX(u, €% ay,...,a, T) =0, o =12
n

35
Zaj\yﬂj(T)+uya‘(u,§*,al, v, T) =0, B=3,..,n (3:3)

j=3

If p = 0, system (3.5) has two obvious solutions for the constants ay, ... , a, such thatag = 0 (B = 3,
..., n), and one of the as is not zero (T = m/w,). Therefore, taking conditions (3.5) into account, we
obtain: if u # 0, system (3.5) has a solution such that

a, = 0(1), T =mn/0,+0\); a,..a, =0(u)

(a, is an arbitrary number). Thus a Lyapunov family for the pair of roots £, will always exist.
If u = 0, system (3.5) also has a non-trivial solutiona; = 0,4, = 1, a5 = ... = a, = 0, T = W/w,. Let
us write the first two equations of system (3.4) in the form

(-1)’a,sin(po,AT +&T) + uy¥(u, &%, 4y, ..., a,, T) = 0

3.6
—a,sin(0,AT) +pyF(p, &%, ay, ...,a,, T) = 0, AT = T-mw/a, (36)
Hence it follows that, if g # 0, € # 0, system (3.5) has a solution such that

a, = O(We), a, =1, a3 =O),....a, = O(n), AT = O(R) (3.7)
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The parameters € and L in Eqgs (3.6) are independent of one another. Moreover, for fixed € we have
ay, = O(w). Thus, a solution (3.7) of system (3.5) exists when @ < yg, lg = o(g). Hence we infer that,
together with ¢, the amplitude of the periodic oscillations corresponding to the frequency , tends to
zero: the Lyapunov family disappears.

Theorem 2. Suppose the characteristic equation of system (3.1) has two pairs of pure imaginary roots
)\, £, which satisfy relation (3.2), and the remaining roots are not multiples of A,. Then the maximum
amplitude A4, of oscillations on the Lyapunov family corresponding to the roots £1, is A, = O(g), and
as € — 0 this family contracts to the equilibrium & = §*, x = 0, y = 0 and disappears.

Remark. By a theorem in [5], system (3.2) has a manifold to equilibrium positions depending on &*, with a
Lyapunov family near each. All the families corresponding to roots =, disappear as € — 0.

4. THIRD-ORDER 1:2 RESONANCE

In what follows, when considering specific resonances in system (3.1), attention will be confined to the
sub-system corresponding to the resonant roots Ay, £A,.

We reduce system (3.1) to normal form up to terms of the required (second or third) order. To do
this, as in [2], we apply to system (3.1), which is almost resonant, a normalizing transformation which
is continuous in the parameter €. We then introduce a small parameter p using scaling.

In complex-conjugate variables z and Z we obtain

2
. . _Py— 8
G = )"SZ5+}“UB$H Zau

=1

A+2\, = ike; p =1, py=2; Z(1,0,0) =0

Wz E), s=1,2

(B, are real constants). We consider the non-degenerate case, when B, # 0 (s = 1, 2), and, using the
formulae

2= JBJrexp(i0). 7= [[Blrexp(-i0,); s = 1,2
transform to polar coordinates (r;, ;). We obtain a reversible system

Foo= 2uBsignB“/r-1rzsin9 +o(p)
2

uBsignB, /2 -8,y
OBy ] ncost oy s = 1,2 .

lrs o=
B = «/.BIHBzI

which is invariant with respect to the substitution (¢, r, 8) — (¢, r, —8).
The last two equations for 6, are replaced by a single equation for the angle 6 = 0; + 20,

és = —l}\,2+

. _1i 1
= ke+ pB(signBlr, h 4 2signB2r1/2)cose +o(1) (4.2)

and the angle 0, is taken as the new independent variable. The resulting third-order system, which is
periodic in 8 and 6,, has the obvious solution

r, = rS (r(s) =const), O = K£92+90, 0’ = const; s =1,2 4.3)
If ¢ = 0, this solution will be a constant; if sin6’ = 0, it will be symmetric relative to the fixed set
M, = {r,r,0,0,:sin8 =0, sin6, = 0}

Suppose € = u°, ¢ = 1. Then it follows from Theorem 1 that to the constant solutions of the amplitude
equation
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K*/\/}—i + B(signBlrz + 2signBzr1)COSG =0 (44)

(x* = xif 6 = 1 and x* = 0 if 6 > 1) there correspond for pu < i, (where y; is some finite number) a
symmetric periodic solution

ro=r+oM), s=12 08=0"+0W (4.5)
(6" = 0 or m). Taking into consideration the fact that in system (3.1) |
A, = i[-(-1’o,+x,e], K, =const; s=1,2; X +pK, =K (4.6)
we obtain the form of the solution in system (3.1)

x, = plo, - (-1)’k,1’la,cos8,, y, = pasing, a = |Bs[rg+0(u); s =12

(4.7)

0 =0"+0(1), B, =0-20, 6,=[-0,+Ku’+0(W)]+6)

(] and #J are related by Eq (4.4)).

If x = 0, we have exact resonance. In that case, system (4.1) is independent of the parameter €.
Formulae (4.7) define a resonant family of symmetric Lyapunov motions near equilibrium. As is obvious
from the amplitude equation (4.4), such a family exists only in the ne1ghbourhood of a stable equ111br1um
(B1B, < [16]). The resonant family is represented in the (3, 73) plane by the straight line =27
(Fig. 1); the Lyapunov family corresponding to the roots +A; lies on the abscissa axis.

If « # 0, we have on every curve € = u° a periodic system which depends on . If @ < p;, system (3.1)
also admits of the family of periodic motions (4.7). For each fixed u system (3.1), containing € = p%
has a family (4.7), which depends on one arbitrary parameter — the amplitude 77.

Thus, for any € = 0 we have a Lyapunov family near equilibrium. This is the basic difference between
local periodic motions in a reversible system and in other systems — generic, Lyapunov and Hamiftonian.

The generation of a non-trivial periodic motion when € # 0 has been observed in a generic system
as a cycle; in Lyapunov and Hamiltonian systems one obtains a family of cycles at each energy level
[2].

In Lyapunov and Hamiltonian systems, only for € = 0 do resonant Lyapunov families exist near an
equilibrium [8-12].

In the case when ¢ > 1 the amplitude equation (4.4) does not depend on € and the family (4.7) exists
only in the neighbourhood of a stable equilibrium. If ¢ = 1, the solution of Eq. (4.4) has a different
form depending on whether there is a stable or unstable equilibrium.

Suppose a stable equilibrium is being considered (BB, < 0). In (ry, #,, 8) space the amplitude equation
(4.4) has the form

P = 20—k [ (Beose®), sine’ = 0 (4.8)

and admits of two families of solutions: 6° = 0 and 9 = n (Fig. 2). If «* = 0 (exact resonance), the
Lyapunov family is represented by the straight line /3 = 2/2 in the (7}, r2) plane. This family also exists

0
n

n

Fig. 1
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ife >0 (e = u° o > 1) and is represented by a plane IT in (%, 73, k*) space. As before, it is near zero
1 =07 =0 If ¢* >0, the family { = 23 splits into three families, one of which is represented by
the plane T1. The other two families are defined by Eqs (4.8). One of them, IT,(6° = =), is near the
K* axis, the other, T1; (6° = 0), is near the points k* = ZB\@ In the (3, ¥*) plane there is a Lyapunov
family corresponding to the roots =A,. This family bifurcates on the straight line ¥* = 2B\f771)_ and becomes
the family IT,. Obviously, there is also a Lyapunov family in the (r%, x*) plane if k* > 0, corresponding
to A,

Th%non—resonant Lyapunov families, whose existence was established in [5], are shown in Fig. 2 by
the hatching.

We will now consider the case of an unstable equilibrium (B,B; > 0). In that case the amplitude
equation is

r(z) = —zr?—K*A/rTI)/(Bcoseo), sin@° = 0 (4.9)

In the case of exact resonance there is clearly no Lyapunov family. A similar 51tuat10n occurs when
g = u°(c > 1). If 6 = 1, the family 6° = 0 exists only for ¥* < 0, and the family 8° = & for x* > 0
(Fig. 3). The corresponding surfaces are situated below the (r}, k*) plane, cutting it along the x* axis
and the straight lines k* = +2B\/;5 The families are near zero and simultaneously cut the family IT;,
correspondmg to roots £A,. The famlly I1; bifurcates on the straight lines * = +B\f;6 For every fixed
x*e the family of Lyapunov motions is represented by p01nts of a curve parallel to the (rl, 73) plane and
contains, in particular, points near the equilibrium ] = 0, 3 = 0. Oscillations occur at an amplitude
O(eA), where A depends on the selected point of the curve (Fig. 3).
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Theorem 3. In a reversible system with resonance A; + 2A, = ike (where x = const and € is a small
non-negative number), depending on the signs of the number B; and B,, the following Lyapunov families
of periodic motions exist.

In the nelghbourhood of a stable equilibrium (BB, < 0) with € = 0 (exact resonance), we have a
resonant family (73 = 27 &) near the equilibrium. If ke # 0, this family splits into three surfaces, one of
Wthh corresponds to 67 = 0 (Ily), another to ° = n(l'[ ), and on the third, the plane H we have
r3 = 2/, Periodic oscillations on these surfaces are described by formulae (4. 7) with g = pu° (G >1)in
the plane IT and € = 1t on the other surfaces. If k* > 0 (<0), the family IT, (IT) is separated from (near)
the equilibrium. In the coordinate planes Lyapunov families IT; and IT, exist corresponding to pairs of
roots +A; and *A,, but the family IT, exists only if € = 0.

In the neighbourhood of an unstable equilibrium (BB, > 0) there are no resonant Lyapunov families.
If x* < 0, only the family IT, exists, and if x* > 0, only IT;; the motions are described by formulae (4.7)
with o = 1. Families IT; and I, exist as before.

5. THE STABILITY OF LOCAL PERIODIC MOTIONS AT
1:2 RESONANCE

Consider the following third-order system, which is periodic in 6, and 0

d
s = R 2BsignB, frirysin® + fr.R,]
a9, = o,

do 1 o . P . 0,
—— = —{KW +U| B signB,—= + 2signB, [, cos(-)+——+2——— 5.1

)
P, = —m2+K2u°+u[ZBsignBzﬁ+——2J, R,0, =o(u); s=12
2
For a solution

ro=r+0M), s=1,2; 6=0"+0(u), sing’ =

s

(5.2)
pc‘lA/r—? +2B(signB,rs + signByr)) = 0
we formulate variational equations in the first approximation in g
d(A
Elﬁz) = —éEBsngnB A/7rzcose A6
d(AB) uB . . . 0 (5.3)

[(2 mgnBzr? - signB, rg)Ar1 + 2signB, r?ArZ] cos6

The characteristic equation of system (5.3) has a single zero root; two other roots are defined by the
relation

p2 = uszrg(wzr?)_l(4r?signBle + r(z)) (54

Hence it follows at once that in the neighbourhood of an unstable equilibrium (BB, > 0) all periodic
motions of the families IT; and T1, are unstable.

To evaluate p for a stable equ111br1um (B1B, < 0), we use (5.4), taking Eqs (4.4) into consideration.
This gives

o’ = -u’B rz(mzf) [2[ +Kk*/(Bcos8”)]
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Thus, at exact resonance the Lyapunov family is stable. It remains stable if € = u°, ¢ > 1 (family IT).
If 6 = 1, then for k > 0 the stable family is ITy, but if ¥ < 0, the stable family is I'l;. Finally, depending
on the combined influence in system (3.1) of the non-linearity and the magnitude of the detuning, we
obtain: the family IT, (I1,) is stable for k < 0 (x > 0) if |x| < ZB\/;?; otherwise, it is unstable. These
properties reflect the fact that the family of unstable periodic motions is near a stable zero.

Theorem 4. In the case of 1:2 resonance, the Lyapunov families in the neighbourhood of an unstable
equilibrium (BB, > 0) are hyperbolic. If the equilibrium is stable, the resonant Lyapunov family is
stable and transforms to stable families IT, ITy(x > 0) and II(x < 0). The families IIy(x < 0),

[1(x > 0) are stable if |x|> Q‘B\/;‘lj and hyperbolic if || < 2B\r.

Remarks. 1. A family is said to be stable if it consists of stable periodic motions.

2. The stability of solution (5.2) of Eq. (5.1) was investigated in the first approximation in the variables ry, r,, 0
and the parameter p. The conclusions of Theorem 3 as to hyperbolicity guarantee that the periodic motions will
be unstable in Lyapunov’s sense.

6. THE DEGENERATE CASE

The case usually encountered in mechanical problems is the degenerate one, B = 0. In that case the
second-order terms in the normal form vanish, and system (3.1) in variables z and Z becomes

= Az, + il A o) + Apl 17, + W20 2,2), s = 1,2 (6.1)

(A are real constants).

The normal form of a reversible system also has the form (6.1) in the case when there are no 1:1,
1:2 or 1:3 resonances. Consequently, we have a general problem concerning the family of Lyapunov
periodic motions in degenerate cases for these resonances and for 1:p, p > 3, resonances.

The amplitude equation in the cases of interest here may be written as follows:

K*+ (A¥r +Afr)) =0, sin®’ =0, A¥ = A, +pA, s=12 (62)
A +ph, = ixe (x=const), p=12,..

(x* = xfor e = u’ and x* -—Ofors-u°+1c5>1) :

We will consider two cases. If 4745 < 0, the surfaces of the Lyapunov families are shown in F1g 4a
A resonant family (K = () exists and is near zero. It is the intersection of families Ti(e = p°*
6>1DandIT*(e =p ) which exist both for 6° = 0 and for 6° = .

In the case when A745 > 0 (Fig. 4b, A5 > 0), there is no resonant family, and if  # 0, there is only
the family IT*.

All periodic motions are described by formulae (4.7) with p replaced by u? and they are stable. The
families IT; and I1, are shown, as before, by hatching. Theorem 1 implies the following theorem.

Theorem 5. In the degenerate cases of 1:1, 1:2 and 1:3 resonance, and at resonance 1:p (p > 3), the
families of Lyapunov periodic motions are defined by the amphtude equation (6 2) If ATA45 <0, a
resonant family exist, through which pass planes — the families T1 and IT*. If A745 > 0, there is no
resonant family, and if k*/45 < 0, only the family IT* exists.

7. FOURTH-ORDER 1:3 RESONANCE

In the case considered, the normal form of the system up to and including third-order terms, taking
scaling into account, is

Z, = Az + il {(Asl|zl| +As2|22] )z, +iB H 2Pa }+p3Zs(p, 2,2), s=12 (7.1)
=1

(44 and B, are real numbers). As in Section 4, we consider the non-degenerate case BB, #0 and
mtroduce polar coordinates. Next, taking 6 to be the angle 8 = 8, + 36, and taklng the expression (4.5)
with p = 3 into consideration, we can write down a third-order system, periodic in 6 and 6,
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A, = A, +3A,, A* = ABJB, B= BB,

The amplitude equation for system (7.2) is

0

r
K*+B[A;"r?+A§"rg+(signBlrg+3signB7_r(l))\/:(2)00590:, =0, sin8’ =0

"

(the constant k* vanishes when ¢ = u°~* Y6 > 1) and x* = k when & = u?). By Theorem 1, Eq. (7.2)
defines all the Lyapunov families at 1:3 resonance.

Theorem 6. In the case of 1:3 resonance, all Lyapunov families of symmetric periodic motions are
defined by the amplitude equation (7.2). In the original system (3.1), these periodic motions are described
by the formulae

x, = plo, - (-1)kpu’’ ‘]ascoses, ¥, = Hasin@,, as2 = ’ler? +om’), s=1,2
(7.3)
0=0"+0mY), 0, =0-30, 0,=[-0,+ku°"" +0uH)]r+6]
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(83 = const, 6 = 1; the constants x; are as defined in (4.6)). Depending on the coefficients A5, 43, B;
and B,, the famﬂles exist both at exact resonance (¢ = 0) and if & # 0. The conditions for these families
to exist are the same for e = 0 and e = u°* (¢ > 1), but for £ = p* we have «* = « m 7. 2)

Let us analyse the conditions for Lyapunov families to exist when ¢ = O and ¢ = Yo >1).1In
that case x* = 0.

1. BB, > 0. The amplitude equation (7.2) becomes

A¥+Atu+(B+u)fu =0, cos®® =0, sine” =0, u=rofr (7.4)
In the case when 45 = 0 a family always exists — but only one, defined by the equation
(3 +u)u = |AF|

In the other special case, |47 + A3| = 4, the root of Eq. (7.4) is # = 1. This case corresponds to the
boundary of the stable domain of the equilibrium [16] and yields a Lyapunov family # = 1) near
equilibrium.

In the case when A} # 0, we rewrite Eq. (7.4) as

fu)cos®’ = ku

fu) = <(A+uw)(3+u), k=1A¥ A= AYAS (7-3)

IfA = 3, we have u = |43%|% and there is a Lyagunov family. If A = 3, the relative positions of the
graphs of the functions f{(u) and k*\u (k* = kcos8") are as shown in Fig. 5. Clearly, in the case when
A>0 (Flg Sa) the graphs intersect at a single point (when k* < 0), proving the existence of just one
family, 8'=0o0re’ =nr.

If0 <A < 3, the zero of the function f(x) lies to the left of the equilibrium (Fig. 5b) and the graphs
intersect at only one point; a family with £* < 0 exists. The case A = 0 is trivial. Here A7 = 0, A5 = 0.
There is only one family. But if 4 < 0 (the curve f(i) is shown in Fig. 5(b) by the dashed line), there
is always an intersection (at k* > 0). The other family appears when &* < 0 as |k*| decreases.

If B1B, > 0, the equlllbnum will be unstable if |47 + A3| < 4 [16]. It follows from the previous analysis
that in that case there is at least one Lyapunov family.

2. BiB, < 0 (stable equlhbrlum) The amplitude equanon is again as in %7 .5), except that here
fu) =~A4 + u)/(3-u). 1t is obvious that, if 4 = -3, there is a single family 7} = 3. If A # -3, the relative
positions of the graphs of the functions f(u) and k*\fu are as shown in Fig. 6. When A4 > -3 (Fig. 6a)
there may be one (k* < 0) or two (k* > 0) families; one of the latter is not near the equilibrium if
e# 0. WhenA < -3 there is always one family (atk* < 0), and depending on the values of the quantities
A and k* > 0, there may be one or two families (Fig. 6b).

The stability of the local penodlc motlons at 1:3 resonance is investigated on the basis of variational
equations. For the solutions (+}, 75, 8°) defined by the amplitude equation (7.2) we have
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The characteristic equation of system (7.6) has one zero root. The other two roots are £u*Bw™p.,
where

2 0.0 % % 0
P = AF 7y [Z(A1 signB, + A5 signB,)cos0 +

+ %, + 3sign(B,Bz)(ﬁ + -«) F] u

Consequently, if p.. < 0, we have a stable periodic motion, but if p,. > 0, the periodic motion is hyperbolic.

’”1

8. 1:1 RESONANCE

In the case of multiple roots with simple elementary divisors, as well as cases close to that of simple
roots, the normal form is

Foo= 2”2[(3517‘1 + B,,r,;) . Jrr,8in0 + b r,sin20] + 0(u3)

0, =(D°" o+ K€ + uz{ 1+ Agors + (Byry+ Brs) f%fcose + bsra_scosze] + 0(u3) 8.1)

s

K +K, = K€ (K ,=const), s =12

(Ay;, Byj, by are constants, € is the resonance detuning, and u is a scaling factor). In this system all families
of periodic motions, symmetric relative to the fixed set {ry, r5, 01, 0, : sinf; = 0, sin6, = 0}, are defined
by the amplitude equation
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0
2 2

0 0 00 0 0, cos©O . A0
K*+Afr +Afr,+(Brir,+ Byr) +Br;)——= =0, sin® =0

JS (82)

Af = A +b,, A¥ = A,+b,, A=A +A,, s=1,2;, B=B;+B,
(k* =0ife=0o0re=p°*% 6> 1;x* = xife = p?). If x* = 0, this equation reduces to
* A% 2 0 . 00 0,0
(A¥ + A¥u)Ju+ (By + Bu+ Byu )cos® = 0, sin® =0, u=r/r (8.3)

Thus, the problem of the existence of symmetric Lyapunov families will be solved by finding the roots
of Eq. (8.2) or Eq. (8.3).

The distinctive feature of 1:1 resonance is that a non-symmetric isolated periodic motion (cycle) may
exist. In fact, if p = 0, the equations for 7, ¥ have constant solutions in which sin6® # 0, where 6° is
determined from the condition 6 = 0.

The system of amplitude equations [2] for determining non-symmetric periodic motions may be written
in the form

0 00 0 .
BS,r?+Bszr2+bSA/rlrzcos9 =0, s=12, sine’#0

0, cos®’ 8.4

N 0 0 00 0’

K¥+Arj+Ayry+ (Briry+ Byr| +Byry) =
[00
rr,

Now, using the variable x* = /3, we rewrite the first two equations of system (8.4) in the form

+ (b, 7y +byry)cos28” = 0

le)c2+bsxcoseo+Bs2 =0, s=12

Next, multiplying these equations by b, and by, respectively, and subtracting one of the resulting equations
from the other, we obtain

Biyby— Byb
2_ Pl Ond (8.5)
By1by - By b,

Then
B,B,; - By 1By,

cos@’ = —
B, by~ By b,

(8.6)

Finally, it follows from the third equation of (8.4), taking relations (8.5) and (8.6) into consideration,
that

1S = —K*G, G=Ax +Ay+(Bx+B,x +Bpx )cos8’ + (b, +byx")cos26’ (8.7)

It obvious from formula (8.7) that a cycle exists only if ¥* = x # 0, that is, in an almost-resonance
situation. Hence it also follows that € = y2, that is, a cycle will appear at a distance Ve from zero. Finally,
formula (8.15) implies the generation of two cycles on which 6% = +6*.

Theorem 7. In the case of 1:1 resonance of a reversible system, in the neighbourhood of an equilibrium,
local symmetric periodic motions exist which form Lyapunov families. These families exist both at exact
resonance (g€ = 0) and at a distance € # 0; all the families are defined by the amplitude equation (8.2).
In addition, two cycles, symmetric with respect to one another relative to the fixed set, form in the
neighbourhood Ove; the cycles are defined by formulae (8.5)~(8.7).

To investigate the stability of the local periodic motions, one must formulate the variational equations
for the family of periodic motions defined by formulae (8.2) or formulae (8.5)—(8.6), and then the
characteristic equation. This cumbersome equation will not be given here. Suffice it to say that, for a
symmetric solution, the equation always has one zero root and a pair of roots with opposite signs:
p = =p%w!p,. Hence, depending on the sign of the cycle pZ, the periodic motion is either stable or
hyperbolic in nature.
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9. THE MODEL OF AN ELASTIC ROD SUBJECT TO
A SERVO FORCE [17]

Let us consider a reversible mechanical system comprising two identical rods of mass m and length /
connected to each other and to a fixed centre by means of ideal hinges and helical springs of stiffness
¢y and ¢;. The second rod is subject, at its free end, to a servo force of fixed magnitude, directed along
its axis. The non-deformed state of the rods corresponds to the rectangular configuration of the system.
The system is in a horizontal plane.

The motion of the system is described by Lagrange’s equations in which the generalized coordinates
are the angles ¢; and @,, namely, the deviations of the springs from the equilibrium state. Expanding
the right-hand sides of the equations in powers of ¢, and ¢, one finds that the quadratic terms in these
expansions vanish.

The system is stable in the linear approximation [17, p. 212] if

a2227c1c2, a = 2¢;+ 16¢,-5FI 9.1)

Computing the frequencies ®; and m, of the linear system, we find

2 3 2 2 €16,
©), = s(atja” ~2Tcicy), 020, o =27—
Tml a

Then, if « = (p - 1)/(p + 1), the system admits of a 1:;p resonance. If p = 1, one has non-simple
elementary divisors, but if p = 2, the resonance is degenerate. Hence we deduce that Theorem 5
completely solves the problem of Lyapunov families for all resonances, with the exception of the cases
p=1landp = 3.

Let us consider 1:3 resonance in the case of identical springs (¢; = ¢, = ¢) and compute the coefficients
of system (7.1):

A, ~488d°, A,~634d", B, =2.12d"
2 2 2
Ay =~-3484", A, ~251d", B,~107d
(d* is a certain positive number). Thus, in system (7.2) we have

B,B,>0, B=~161d', Af=~-7.588, A¥=~9218

We will compute 4 = 475/45 ~ —0.823. At exact resonance and for a small detuning (g = p°*?,
o > 1), we obtain the case illustrated by the dashed curves in Fig. 5b. We find that k = 1/45 = 0.108.
Therefore, f(u) > k*\u for k* < 0. Consequently, there is only a family £* > 0. This family contains
unstable periodic motions; the family is hyperbolic.

Thus, at 1:3 resonance the rectangular configuration is unstable, and if the springs undergo a small
deformation, a family of oscillations is formed. The nature of the oscillations is hyperbolic; the oscillations
destroy the configuration of the system.
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